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The flow of a fluid in a narrow spherical annulus is considered. When the outer sphere
remains fixed and the angular velocity of the inner one is increased beyond a critical
value an instability resembling Taylor vortices appears. This instability is investigated
by expanding the solution in powers of the small parameter ¢, the ratio of the gap
thickness to the radius, and assuming that two length scales, O(1) and O(e), are
important in the latitudinal direction.

The perturbation then takes the form of cells which are of roughly square cross-
section, at least near the equator, but whose amplitude decays rapidly with latitude;
it is also subject to a slow spatial modulation. The critical value of the Taylor number
at which the instability first appears is shown to be that for infinite concentric cylinders
plus a correction O(e) due to secondary motions and a correction not greater than O(e)
due to the domain being bounded.

1. Introduction

The linear stability of the low between infinitely long, differentially rotating con-
centric circular cylinders is now well known and well understood. If the speed of the
inner cylinder is increased above a critical value the flow becomes unstable and takes
the form of regular cellular toroidal vortices, called Taylor vortices. In recent years
some attention has been devoted to the effect of end walls on this and the similar
Bénard convection flow. The presence of end walls makes separation of the variables
difficult and poses great mathematical problems. Pellew & Southwell (1940) were the
first to circumvent these difficulties by allowing a slip condition on the end walls and
Davis (1967) has solved the Bénard problem numerically. More recently Drazin (1975),
Hall & Walton (1977), Segel (1969) and Daniels (1977) bave made progress with the
Bénard problem with free surfaces, in which the variables are separable.

In this paper we consider a geometry which, although the variables are still not
separable, does allow some progress to be made analytically. The fluid fills the (narrow)
gap between two concentric spheres and is set in motion by the rotation of the inner
one. When its speed is sufficiently high, instability is observed to set in as cellular
vortices, similar to Taylor vortices, near the equator (Sawatzki & Zierep 1970; Wimmer
1976) and as the speed is further increased vortices appear at higher latitudes. Further-
more, the critical value of the dimensionless parameter governing the flow, the Taylor
number 7', is observed to be very close to that for infinite concentric cylinders, at
least when the gap between the spheres is narrow.

The linear stability of this flow has been investigated numerically by Bratukhin
(1961) and Munson & Menguturk (1975) for arbitrary gap widths. Both these studies
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674 I1.C. Walton

rely heavily on expansions in spherical harmonics. Munson & Joseph (1971b) have
discussed the stability by an energy method.

In none of these studies has the close similarity with Taylor vortices been exploited
and we seek to do that in this paper. We suppose that ¢ = (R,— R;)/R, < 1, where
R, and R, are the radii of the inner and outer spheres, and seek the value of the Taylor
number T' = R, Q}(R, — R,)*/v? at which the flow first becomes unstable. Here Q, is the
angular velocity of the inner sphere and » the kinematic viscosity of the fluid. To a first
approximation in ¢ we show that the critical value of 7 at which the cellular motion
first occurs is the same as that for infinite concentric cylinders.

The unperturbed flow is discussed in § 2. As in Munson & Joseph (1971a), we assume
that a Reynolds number R,, is small and expand in powers of R,,. Here we define
Ry, = €2Re, where Re = Q, R}/v is Munson & Joseph’s Reynolds number. Then
¢T = R% and the restriction that 7' be O(1) requires that R, is O(e?). Furthermore, by
assuming that € € 1 we may expand in powers of ¢ also and avoid expanding in
spherical harmonics. To a first approximation in R,; and ¢ the basic flow is meridional
and its profile is a simple radial shear whose magnitude decreases with latitude. It may
be expected then, as several authors have already suggested, that the neighbourhood
of the equator is the most unstable region and that, since ¢ < 1, the curvature of
the container plays only a minor role and the flow is similar to that between infinite
concentric cylindets.

If the instability sets in as toroidal cells of roughly square cross-section, then two
length scales in the latitudinal direction, O(1) and O(g), are likely to be important.
Such a structure is amenable to description by a WKB or multiple-scale analysis. In
§ 3 we formulate the linear stability problem in this way by writing the perturbed
angular velocity Q as

_ ;6
Q = A,(0)g9,0,x)exp :é Jl} k(0) dﬁl et + O(€) + complex conjugate (1.1)

and the Taylor number 7' as
T=Ty+eT\ +e*Tp+....

Here z is a radial variable, 6 is the co-latitude, ¢ is the time and o the growth rate. An
eigenvalue problem for the wavenumber k is obtained in §4 which must be solved
numerically for each value of & and a prescribed value of 7}; there are six solutions.

Close to the equator the solution (1.1) breaks down because of the coincidence of
two pairs of eigenvalues and a new scaling is needed. The solution in the region
3m—6 ~ etisgivenin §5 in terms of Airy functions. This solution in turn breaks down
and an inner region of thickness ¢ is needed where the O(¢) correction to the basic flow
is even less dominant.

A new scaling near the poles 8 = 0,7 and the boundary conditions at § = 0, 7 are
treated in § 6. A summary and a discussion of the results are given in § 7.

2. The undisturbed flow

In this section we consider the steady flow set up in the gap between two concentric
spheres of radii R, and R, (R, < R,) when the gap is filled with a viscous incompressible
fluid and the inner sphere is rotated with angular velocity €.
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In terms of spherical polar co-ordinates (r*, 0, ¢), the assumption that the flow is
axisymmetric is equivalent to ignoring longitudinal derivatives. The dimensional
velocity components (v}, v§, v) may then be written in terms of a dimensionless stream
function ¥ and circulation Q as follows:

Qopjo0 Qo for Q

Py =—(Ry— Ry Yo =nglrsin0'

v:'k = (RZ'—RI) rsin@ °’

Here » = r*/R, is a dimensionless radius. As we shall be concerned only with the flow
in a narrow annulus, it is convenient to introduce a radial variable x scaled on the gap

width. Thus we write
r = 1+ex,

where ¢ = (R,— R,)/R, is a dimensionless measure of the gap width.
In terms of ¢ and Q the Navier-Stokes equations are (Rosenhead 1963, p. 132)

?i + ex)gsin g = D, (2.1)
2Q(Q, (1 +ex)cos @ —esin 0Q,) (D), — Yrg( DY),
(14 €ex)3sin? 6 - (1+ex)?sin

202 ((1 + ex) cos Oy, — esin 0 yfr)
* (1 +ex)3sin2 6

= Rif Dy, (2.2)

where D = —q2—+——6—2— [3—2-—00’003] (2.3)
T ox? (14ex)? | 062 0] '

Here suffixes  and @ denote partial derivatives with respect to z and 6. In the modified
Reynolds number R, = Q,(R,— R,)?/v, v is the kinematic viscosity and R, — R, and
Q,(R,— R,) are characteristic lengths and velocities. R, is related to the more usual
Reynolds number Re = Q, R%/v by R;; = €*Re.

The specification of the problem is completed with the no-slip conditions at the
inner and outer spherical boundaries, i.e.

¢-0=¢-z:O at x=90,1; } (2.4)
Q=sin2d at 2=0;, Q=0 at xz=1, ’

As in Munson & Joseph’s (1971a) treatment of the flow, we shall assume that the
appropriate Reynolds number is small, but we shall make the further assumption that
the gap width € is small also. ¥ and Q may then be expanded in powers of By, and € as

follows: U = Ry (Yoo + B3 ¥io+ € + O(RYy, €2, R%lle)),}
Q = Quo+ Ry Qy +€Qpy + O(RYy, €2, Rige).

Munson & Joseph (1971a) indicate that the leading terms (as far as R%;) give an
accurate representation of the solution for R,, < 10. If the gap width is small, say
€ &~ 1073, this is equivalent to Re < 10% and the Taylor number T < 105 (see §3),
which is sufficiently large for our purposes.

The major simplification afforded by taking € < 1 is now clear: derivatives in
contain powers of R, or €, so that on substituting the expansion (2.3) into (2.2) and
equating coefficients of powers of R;; and ¢ we effectively obtain only ordinary
differential equations.

(2.5)
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Thus we have
92Qo/02% = 0

with Qg = sin?f at « = 0 and Qy, = 0 at = 1. Hence we have

Qo = (1 —x)8in26. (2.6)
Mgy 082 cos d
Also e Y

with oy = Y4 = 0 at 2 = 0, 1. Hence

Voo = — 2a40(x) sin26 cos 6, (2.7a)
where @go(®) = 221 —z)2(3—x)/5!. (2.7b)
Equating terms in € we obtain

32901 341)001 _ 4:£200 a£200 : a‘§200
T2 =% G T Tamag\To0s0 gy tisin0E

with Qg = o1 = Yo = 0 at 2 = 0, 1. Hence

Qp =0, (2.8)
VoL = — g (x)8in%0 cosd, (2.9a)
where @y (x) = 8x%(x —1)3(2x—3)/6!. (2.90)

Equating coefficients of R3; we obtain

32910 — (71000@ 000 ¢’000 QOO;z:
ox? sin &

0* 2cos6 zz) 20080
aﬁlo = smz 0 (QOO Qle + 'QIO QOO:::) (1)0001 ¢OOxa:S0in ew 906 1)000:1: ) SlIlz 0 7)000:1: 1)000:1:

with Q) = ¥ryg = Yy, = 0 at & = 0, 1. After some algebra we obtain

Qo = byoi () 8in2 G + by e(2) sint 6, (2.10a)
where
bior(x) = dx(x~1) (¥ —3) (22— 3) (1023 — 1522 + 62 + 3)/5 x 7!, } (2.100)
bioe(x) = —x(x — 1) (1025 — 6022 + 12323 — 10222 + 18z + 18)/5 x 6!,
and Y10 = @01(x) O8O 8in% G + @,g,(x) cos & sin G, (2.11a)
where Ay () = 962%(x — 1)% (53027 — 477020 + 1528525 — 2158524
+ 1064722 + 545722 — 68612 — 1359)/5!11!,
(2.11b)

Ay02(2) = — 962%(x — 1)2 (7027 — 63028 + 252025 — 522024
+ 486023 + 108022 — 47792 — 243) /5! 111,
We note that, at least to this order, Q is symmetric and ¢ antisymmetric about the

equator. In other words the radial and meridional velocities are symmetric and the
azimuthal velocity antisymmetric; consequently there is no flow across the equator.
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3. The formulation of the linear stability problem
We now consider the linearized stability of the basic flow presented in § 2. We suppose
that there is a small perturbation of the basic flow in the form

Viotal = ¥+ AP, Quota = Q+AQ,
where (i, Q) is the basic solution, (i, Q) is a perturbation and A a small parameter.
This is substituted into (2.1) and terms quadratic in A ignored. Of course, { and Q are
functions of two spatial variables x and ¢, so that this results in a pair of partial
differential equations, viz.

~ Q=+ P Q= 7, Q
(ﬁz—a)Q=—(eT)%V’” . 1{’&2;;’2’{115 Vo ’}, (3.1)

DD —o) = 51320(_(6177—_3195)3 [cos (1 +ex) (QQ, + QQ,) — e5in H(Q0, 4+ QQy)]
Tt - —
- g s Ve DB+ Tl D)y~ Yo D)~ T D)
2(eT)t

m {cos O(1 +ex) (D) g+ (ﬁqf—) V]
—esin O[(D2) Y, + (D¥F) )} (3.2)

We have assumed a time dependence of the form exp {ot}, where o is a dimensionless
growth rate, and we have written Ry = (¢T')%, where T = R, Q2(R,— R,)3/1? is the
Taylor number.

At the rigid boundaries we must satisfy the no-slip conditions, i.e.

v=¢,=0=0 at z=0,1. (3.3)

In addition we require that

vy=v4=0, v, finiteat 6 =07,
and this means that

U~62 for 0<1; Y~(@—062 for n—-0<1. (3.4)
Equations (3.1) and (3.2) may be simplified by making some assumptions about the
form of {r and Q. Variations in the radial direction have already been assumed to take
place on ascale O(e). If the instability occurs as Taylor vortices whose amplitude varies
with 6 as experiments (Sawatzki & Zierep 1970; Wimmer 1976) lead us to believe, then

we may expect that scales O(¢) and O(1) in & will be important. A multiple-scaling or
WKB formulation is then called for and we may look for solutions in the form

—_ 3 2
7:0) = duO)etexp 2 | KOO} (TR10,0.00. ) +06).  (35)

We shall see later that six possibilities for k() and 4,(6) emerge in principle, so that
the solution which satisfies the six conditions at the poles and equator requires sum-
mation over all six possibilities. The basic low must also be expanded in powers of ¢;

from (2.8) wehave o _ (yb(yrgy + (T 0+ Yrog) + 0(e2>>,} |
Q = Qoo+ (T Qo+ Q) + Ole?). (3.6)
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The right-hand sides of (3.1) and (3.2) are then O(T') andmax {O(T'), O(1)} respectively.
We shall henceforth assume that 7" is O(1) and that e is the only small parameter (in
other words R, is O(e?)).

The system of partial differential equations (3.1) and (3.2) and boundary conditions
(3.3) and (3.4) defines an eigenvalue problem

F(o,T,e,k) = 0 (3.7)

which must be solved for each value of 6. R, does not appear explicitly in (3.7)
because it is a function of 7" and e. The flow is unstable if there exist solutions of
(3.7) with Re o > 0.

Since the azimuthal velocity of the inner boundary decreases monotonically with
latitude we may expect that the flow is most unstable at the equator (8 = }). A critical
Taylor number 7, may then be defined as the lowest value of 7' which satisfies (3.3)
with Re o = 0and krealat @ = 47. Fore = 0 the problem reduces to that for concentric
cylinders, for which the solution is well known, namely 7], = 1694-95 with & = 3-1265
and o = 0. We shall assume that the critical conditions are determined by ¢ = 0 for
€ > 0 also.

At higher latitudes the flow is suberitical but we may nevertheless obtain solutions
with 7' = 7T, and o = 0 by allowing k to take complex values. In fact, k bifurcates at
0 = }m and gives rise to two complex values with Rek > 0 for 4 = 1m. One of these,
which we shall denote by £, has negative imaginary part for & < 17 and therefore
represents solutions which decay exponentially with latitude. The second solution,
k®, demonstrates exponential growth but is equally acceptable because the domain is
finite. It turns out that both solutions are needed to satisfy the finiteness condition (3.4)
on cosec 0 3y /00 at 6 = 0, .

We now substitute the expansions (3.6) and (3.5) of the basic flow, and the perturba-
tion for ¢ small into the perturbation equations (3.1) and (3.2). A corresponding
expansion T = Ty+eTy+eTy+ ... (3.8)
is assumed for 7, in which 7, = 1694-95 and 7', will be determined.

It turns out that this form of solution is valid only in mid-latitudes; near the
equator ( = }m) and the poles (0 = 0, 7) separate solutions must be obtained. These
are discussed in §§5 and 6.

4. The linear stability problem in mid-latitudes
4.1. Order €°

On substituting (3.5), (3.6) and (3.8) into (3.1) and (3.2) and equating terms O(¢?), we
obtain

Mgy+ikTysin Ofy = 0,} 1)

Nfo—Pgy = 0,
where M = (D?*— k2 — o) — ikTya5,(x) sin 20,
N = (D?—k?) (D?*— k2 — o) — ik T}y sin 20(age(x) (D2 — k2) — ag(x)),
P =2cosO((1—2x)D—1)—2ik(1 —z)sin0,
D =0/ox
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and primes denote differentiation with respect to . The boundary conditions and a
normalization condition are

fo=fo=9,=0 at z=0,1; fd'=1 at =0 (4.2)

Here 6 is effectively a parameter and the system (4.1) may be regarded as one of
ordinary differential equations in x forming an eigenvalue problem for k in terms of
o and T}, for each value of 6. For & = }m, these equations reduce to those describing the
instability of the flow between infinite concentric cylinders, i.e. curvature of the
boundaries isneglected in thisapproximation. This is the classic Taylor-vortex problem
and the solution is well known: the critical value of the Taylor number is 7, = 1694-95
when k = k, = 3-1265 with o real and therefore equal to zero. We assume that o does
not vary with 6 and may henceforth be taken to be zero everywhere.

Away from the equator the solution bifurcates and there are two complex values of &
with Re k > 0 for each value of §. We denote the two eigenvalues by £ and 4@ and the
corresponding eigenfunctions by (f{(6,z), gP@,«)) and (fP(O.z), 989, x)).
Numerical computation of k indicates that the imaginary part of each eigenvalue has
constant sign in (0, 377). We define ¥V and k® such that

Imi® <0, Tmk® >0 in (0,1n).
Then the corresponding solutions for ¥ and Q decay or grow exponentially with a
decrease in & from }77. The range of 6 is finite so both solutions are acceptable.

We may see from (4.1) that &® = — k0 and k@ = —k® are also eigenvalues (a tilde
here denotes the complex conjugate). In addition there are two eigenvalues, which we
shall denote by ¥® and £®, that are purely imaginary at ¢ = }7 and are complex
conjugates of one another there. Computed results show that they remain purely
imaginary for all values of 6.

From (4.1) it may also be noted that if £9(8) (j = 1,...,6) is an eigenvalue then
so is km—6) (j = 1, ..., 6), and therefore the equations need be solved only for a
half-range, (0,47) say. There are two possible ways of continuing &%, k@ and the
corresponding eigenfunctions into (§, 7): either

k(7 —6) = k@) or kV(m—8) = V().
Both solutions are continuous at § = 47 because kV(i7) = k®(47) and is a real number,
but considerations of symmetry about & = 3 lead us to choose the latter. That such
a choice satisfies the conditions at the poles and matches with the solution near the
equator is demonstrated in §§5 and 6. Similarly,
k(7 —0) = k@) and k®(7—6) = k5 (0).

The solutions with indices 1 and 3 then oscillate and decay rapidly with latitude
on both sides of the equator while those with indices 2 and 4 grow. The solutions with
indices 5 and 6 do not oscillate with latitude and simply grow or decay exponentially.
The general form of solution is therefore

#) = 3 AP@)exp 2 [ Kd0) (THIP0,2) 0. +06),  (43)
i=1 x

but we shall show in § 6 that the coefficients of the two modes with indices 5 and 6 are

zero at least to leading order in €.
At this stage each mode may be discussed separately and we temporarily drop the

index (j).



680 I1.C. Walton

4.2. Adjoint equations
Later on we shall need to use the system of ordinary differential equations adjoint to
the system (4.1) for o = 0. This is

Mgt —P'ft =0,
Jo 7o } (4.4)

N'f{—ikT,sinfg} = 0,

where Mt = (D?— k2) — kT ag(x) sin 20,

Nt = (D2 —k2)2 — ik T, sin 20[agy(x) (D? — k?) + 2age(z) D],

Pt = 2cos0(1—x)D+2tk(1—x)sind.
The boundary conditions are

fo=f =g4=0 at z=0,1; fi"=1 at z=0.

The eigenvalues k and 7 are the same as those of the system (4.1) but of course the
adjoint function pair (f}, g¢) is different from (f, g,)-

4.3. Order €
Equating terms in (3.1) and (3.2) in ¢, we obtain
A (Mg, + kT, sin 6f)) = (Gyy + Ty G5+ tk cot Ogy) Ay + (Gr3— 2tkg,)dA,/dO, (4.5a)
ANfy—Pgy) = (Fy + T Fip+ 2tk cot (D2 — k%) f,)) A

+ (Fig — k(D2 — k?) fy) d Ay /d0, (4.5b)
with fi=fi=g=0 at z=0,1; fi/=1 at z=0. (4.6)
Here
Fy, = — 4xk?(D? — k?) f, — 22{2 cos 0[ 1—2)D—1]-3k(1~-z)sinb} g,
— 2tk sin 20[agg(x) (D2 — k%) — age(x)] fo

+ thPagy(x) Ty sin 20(2xk —1 cot 0)fo—4(1—2)cosbyg,
+2(3 cos2 0 — 1) Ty[agy(z) — agy(D? — k?)]) Df,
— 47T cos &{cos Oagy () D + agy(D? — k?)] — ikagy(x) sin 6} f,
— (dk/d0) [2¢(D? — 3k?) + 3kT, sin 20ay,(x)] fo + 2(1 — z) sin 6 &g,/ 96
+ T, sin 26[agg(x) (D — 3K2) — agn()] 8f, /36 — 4ik(D? — k) &f, /66
+ 2 cosec? O[cos 0(911) +€2y,) — thsin 0Qy] go — 1k To(Yr1(D? — §2) = Y1aza) fos

Fy, = iksin 20[ajy(2) (D~ k%) — age(a) 1 o,

F; = —2(1—2z)sin g, + T0 sin 20(a00(x) (D2 — 3k2) — agy(x)) fos

Gy = (2tkx + 2xagy(x) Ty sin 20 + cosec 0Ty, ) thkyg,
+ (227, sin G + cosec 0€2; ) tkfy, — 2T, ag0(x) (3 cos2 6 — 1) Dy,
—2T(1 —x) cos O Dfy —1g,dk/d6 — 21k dg,/ 06 — T, sin 6 of/ 60
+ T} sin 20a,(x) dg,/ 26,

— (D= k) g/ T,
Gi3=(D?—k?) g,/tk= —Tysin Ofy + Tyay(x) sin 26g,,
and ¥, and £, denote (g, + Ty¥ry,) and (L2y, + 7, Q2,,) respectively.
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The operators on the left of (4.5) are the same as those on the left of (4.1) and the
terms on the right contain f; and g,, which are known once (4.1) has been solved, and
T,, which is yet to be determined. The amplitude functions 44(6) and 4,(9) are as yet
unknown; 44(6) may be determined as follows, but it is necessary to examine terms
O(e?) to caleulate 4,(4).

Since a non-trivial solution to the homogeneous equations (4.1) exists, the inhomo-
geneous equations (4.5) have a solution if and only if their right-hand sides are
orthogonal to the adjoint solution of (4.1), i.e. (f},g}). The orthogonality condition
requires that multiplying the right-hand sides of (4.5a,b) by g§ and f respectively,
integrating with respect to x over (0, 1) and subtracting yields zero. This gives the
following relation between A,, d4,/d6, T,, T\, k and 6:

(Hyy +TyHyp+ hy) Ao(0) + (Hig+hg)d A, /d6 = 0, (4.7)

1
where fy = [ @Gu-fiFade (=1,23)
0

1
hy = ik eotﬁf (9096 — 15 2(D2—k?) fyl da,
0

hy = —2h,tan.
Using the definitions of F,; and Gy; (¢ = 1,2, 3) given above, we see that as § -0
dAy/d6 ~ L cot0A4, or Ay~ (sinf)i.
The singularities in d4,/d6 at 6 = 0, 7 may be brought out by writing
Ay(0) = (sin6)t 4,(6).
Then (4.7) becomes
(Hy + s cot 6 Hyg+ Ty Hyp) Ay(0) + (Hyg + hy) d A, /d6 = 0. (4.8)

The singularity still exists, of course, and we return to it in §6.

In the next section we demonstrate that, as 0 47, Hj;+hy—> 0forj = 1, ...,4 while
the coefficient of 4,(6) in (4.8) remains non-zero. Near # = 47 a new scaling is needed
but elsewhere (4.8) may be integrated to give

Ay(0) = —aexp f(jx(ﬁ) do, (4.9)

where x(0) = (Hy,+ $ cot 6 + Hy3+ T\ H,,) /(H, 3 + hg) and « is a constant of integration.
The relative magnitudes of the six coefficients a; (j = 1,...,6) are determined by
conditions at the poles and the equator but of course their absolute magnitudes
remain arbitrary in a linear theory. Details of the calculations are given in §§ 5 and 6.

5. The neighbourhood of the equator

At the equator (6 = }m), the eigenvalue problem for k reduces to that for Taylor
instability between infinite concentric cylinders with a small gap-to-radius ratio. It is
well known that for 7' > 7, = 1694-95 there are four real solutions for k and two purely
imaginary ones. At T' = T, the four real ones become + k,(= + 3-1265), twice, and
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therefore KV = k® and &® = k@, It is this coincidence of eigenvalues that causes the
difficulties at the equator.

In order to discuss the solution near the equator in more detail we first investigate
the limit of the mid-latitude solution as @ — 7. The eigenvalues £® and k® present no
special difficulty and ¥® and ¥ may be written in terms of k¥ and k¥®, so that we may
confine our attention for now to kP withj = 1, 2 and again drop the index. Let us write
6 = }m— ¢ and suppose first of all that k, f, and g, have regular expansions in ¢ for

|¢] £1,ie. k = ky+ @k, + ks + ...,

(fo:90) = (foo» Joo) + H(for, 1) + P*(foz> Joa) + - -
Then substituting into (4.1) and equating terms O(¢°) gives the classical Taylor

problem My goo +thko Ty foo = 0:}
ME foo+20ko(1—2) goo = O,
where M, = D? — k3. Terms O(¢) give

(5.1)

Mygoy+iky Ty for = —tky Tj foo + 2k Ky Goo + 20K Ty 50905
M3 for + 2iko(1 —2) goy = — 2i(1 — ) by goo + 4k ks My foo+2(1 —2) goo) ¢ (5:2)
+ 2k To(@go My — g0) foo-
The orthogonality condition for a solution of (5.2) to exist is
k,=A/B,
where
1
4= fo {%koToa(’)ogoog(;o — 2aky Tofage My — ag ) foo foo — 2[(1 — 2) ggol’ foo} dz,
) (5.3)
B = fo {(iTofoo — 2k, g00) 90 — [20(1 — x) ggo — 4k My foo) f(T)o} dzx
and (f§, gho) is the adjoint pair at & = §7.
Now the condition that 7}, is a minimum as a function of k, with k, real may be

obtained by differentiating (5.1) with respect to k, and setting 97}, /0k, = 0. A solution
of the inhomogeneous equations for dg,e/0k, and df,,/ 0k, exists provided that

1
fo {(iTofoo" 2k Go0) Goo — [2¢(1 — ) oo — 4k, My foo] fgo} dz = 0. (6.4)

This means that the denominator of (5.3) vanishes and indicates that the expansions
about kg, fo, and g, are not regular. An appropriate expansion is found to proceed in

i -
powers of g%, Le. k = ko+ gk, + ot ..., } (5.5)
(fo:90) = (foos Goo) + D1 (for, Jor) + DL Sfozs Joz) + Ko for Jor)] + --- -
Then f,, and g,, again satisfy (5.1), but f;; and gy, now satisfy
My go1+ ko Ty for = — T4 foo + 2K o0 } (5.6)
M3 for+20ko(1 — ) goy = — 26(1 =) goo + 4ko My foo-

The condition that a solution of (5.6) exists is equivalent to (5.4).
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Terms O(¢) now give

My Gos + tho Ty foo = k3( =Ty for + 2ko Go1 + Joo) + 20k T @00 Goos
MEfos+ 2ikg(1 — ) goy = 2K3[(My— 2k3) foo + 2k My for — 2(1 —2) go,] (6.7)
+ 21k To(ago My — @g ) foo + 2((1 — ) ggo)'

The orthogonality condition for a solution of (5.7) to exist yields an equation for k2:
k¥ =—-A/B,
where
1
4= fo {Qiko T @00 Joo0 900 — 2[(1 — ) Jo0dSfo0 — 26k Ty(@ge My — a(,)”o)fooo fgo} dzx,

1 . (5.8)
B = fo [(g00 + 2k Go1 — 175 for) gbo — 2(My — 2k5) foo S0

— dko My for fo + 20(1 =) go; foo] dz.

It will be observed that, since fy, fo, and f&, are real and gy, g, and g}, pure imaginary,
we may write k% = —iK?, where K? is real; the computed value of K2 is 4-0199. We

denote the solutions of (5.8) by
k(]l) = e—}m'K, k(lz) =K

We now turn our attention to the behaviour of the amplitude A,(6), which satisfies
(4.8) as @ 3. Using the expansion (5.5), it follows from the definitions of H,;, H,,,
H; and hyin (4.7) that as ¢ — 0

1
Hyy ~ — 4k ¢t fo {(goo+ 2ko 901 — 174 for) 00— [2(My— 2k3) foo
+ dky My fo1 — 20(1 — x) g1 fho} dz,
1
Hyy ~ — ik, Tofo o0 Sfbo A,
1
hy+Hyy ~ ifo {(iTo Joo— 2k Go0) g(f)o —[2e(1 =) goo — 4ky M, foo)fao} dx
1
+ 2k, ¢t fo {(goo+ 2ko 901 — 274 for) gbo — [2(My — 2K5) foo

+ 4ko My for — 20(1 — ) 9o, ] foo} de.

Furthermore, %, remains O(1) and H 4 cot @ is proportional to ¢ as ¢ — 0. The leading
term in hy + H,; vanishes by virtue of (5.4) and it follows that the coefficient of d4,/d6
in (4.8) vanishes at ¢ = 0. Asymptotically (4.8) becomes

2@+ P +...)dA,[dP+ 3+ pp+...) Ay = 0,

where g, and p, are constants given in terms of integrals involving fy,, fo1, fdo, ete. It

foll that - ,
orows tha (@) ~ a'gtexp{(u,—p) pt} as >0,

where o’ is a constant.
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Ttis convenient to define that part of y whoseintegralisregular at ¢ = 0by y*and let
X =—1p+x*

A =a(3) oo [ xag
=al|l=—] ex
0 2¢ p inx
m\t 0
«(55) exe ([ X i #) as g0
Using the expansion (5.5) for k and the definition (4.3) of ¥, we obtain

Then

¥~ (6T foo(®) (é%) Z o exp{ K ¢ (J)¢%+

0
-+f x“ﬁd¢+iu4”—ﬂyb¢i+.“} as ¢—>0, (5.9)
i

and similarly for Q. Here k{V = k? = —k{®» = —k{®, k¥ =k = ¢-1"K and
kP = k® = e K. Itis only the four eigenvalues k9 with j = 1, ..., 4 that possess the
square-root behaviour in ¢ as ¢ - 0 and consequently only these that make H,,
singular and h; + H,, zero there. The modes associated with j = 5 and 6 do not behave
like % as ¢ - 0 and therefore do not appear at leading order in (5.9). We note,
however, that their contribution to i satisfies the condition of antisymmetry

¥(— @)= —y(¢) only if
o5 exp { f:,, X*<5>d¢} = —agexp {f; X*(°>d¢}- (5.10)

¥ and Q are therefore singular at ¢ = 0 and a new scaling is needed when ¢ is small.
The expansion (5.9) in powers of € breaks down when any of the terms in the exponent
is O(1) for then it is comparable to the algebraic term. For small ¢ the third and
subsequent terms are small and the second and first terms are O(1) when ¢ = O(et) and
O(e) respectively. We shall see later that a scaling ¢ ~ ¢ is necessary, but first we
examine ¢ ~ €8,

Let us write ¢ = €* ¢ with = O(1) and then expand ¥ in the form

¥ = (eT)exp {—iky e 3} [By(B) fool) + €3 By(B) for () + e} By(§) fua(®) + ... 1 + c.c,
where c.c. denotes the complex conjugate, and similarly for Q. Here B,(g,), B,(@), etc.
are functions of ¢ to be determined and fy,, fy2, etc. are functions of « which will be
shown to be related to f;, fo,, etc. On substituting this form of solution into (3.1) and
(3.2) and equating coefficients of ¢ we obtain (5.1) again, and equating coefficients of
¢! we obtain

By(@) for(x) = ¢0f01( )+ Co(@) foo(@), (5.11)
where fy, () is given by (5.6) and Cy(@) is an arbitrary function.
The terms O(e?) satisfy
_ z —d2B, dB, dB,
By(MoGoo + ko Ty foa) = g2 2 g0+ 20k Gor 5= d¢ Ty for = i3 2+ 2iky Ty age 9oo Bo B,
2 3 . _ 9 dB,
By(ME foo + 2iko(1 — ) Fop) = — (2M,— 4k§ f00 d¢2 + (48K My for + 2(1 — 2) Jo1) == i

+[20ko Ty Plagy M3 — agy) foo + 2¢(1 — 2) goo) ] B
(5.12)
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We may then write

C
By e = BBy fu+ ’d¢°fm+01<¢ foo (5.13)

and similarly for B, §,,, where C,(@) is an arbitrary function of @ and f,, satisfies (5.7).
The orthogonality condition then gives
d2B,/dg? + k2 BB, = 0. (5.14)
Let us write k2 = e~3"7K2 with K real; then (5.14) becomes
d2B,/dF? — eV KGB, = 0.
The solution may be written as
By(3) = A1(Bi(2) ~ Al (2)) + S Al (z), z = e-}inKEG, (5.15)

where Ai (z) and Bi (z) are Airy functions and f#, and g, are arbitrary constants.
To leading order in ¢ we then have

F(B) = oxp{ — ie~tho B} Bo(B) fuula) + oxp lic—3ko B Bo(B) fuol@) + s (5.16)

where fy,() is a real function of z. We require /() to be antisymmetric about ¢ = 0,
ie. Y(—@) = —1F(h). It follows from (5.14) that

By(— @) = —By($) (5.17)
and from (5.15) that Bi+Bi= Pt Ba=0.

Equivalent conditions on «, and a, are obtained by matching with the solution in
higher latitudes.
Now, as ¢ - o
Ai(2) ~ (dm)~tz-texp {— &4}
= (4m) ¥ K-¥g~texp{—je KoY
= (47 A E-4F-toxp{ — JiHPFY),
Bi(2) = Bi(e¥iz;), where 2z, = e #Kig
~ () tedmizrtsin (22 + fr+iln2b)
= (4m)tedm K—t@-1[exp (- 3iel" Kt} + 2etmiexp { — 3ie-tm K B}
and Bi(z) — Ai (2) ~ 2(4m)-t edri K4t exp { — 2ik{VG3}.
Hence By(@) ~ (4m)ted"iK—45-1[25 exp{— 3ikiVPt} + Brexp{— 2ikPFH}].  (5.18)

The solution given by (5.15)~(5.18) is equivalent to that given in (5.9) for the limit
of the mid-latitude solution as ¢ — 0 if

oy = 2jmt e/ Kb dexp | - | g a4 b
;, (5.19)
s = (4t e/ Kb ebviexp| = [y g g,
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The symmetry condition (5.17) then gives
) in
Re {al e~#iexp {f ¥ d¢:: =0,
0

. 7
Re :az e~¥miexp {f X*@ d¢:: =0,
0 .}

or, equivalently, o, = o ebriexp { B J‘iw - d¢},
0
(5.20)

. i
oy = age~texp : —f x*@ d¢:,
0

where o and «, are real numbers.

At this stage the two modes j = 1, 2 may still be discussed separately and it would
seem to be possible to reject the one which grows with latitude (index 2) by setting
oy = B, = 0. We shall see in § 6, however, that both solutions are needed in order to
satisfy the boundary conditions at the pole 6 = 0. First, though, we must continue
with the solution near the equator.

So far we have obtained the solution as far as the term in ¢? except for an arbitrary
function Cy(@) of @ in (5.9). To this order the singularity in 3 and Q at the equator is
smoothed out. If we now continue the expansion and examine terms in ¢ we can
compute Cy(¢).

The terms O(e) give

By(MyGos + ko Ty fos) = (2iko oo+ Ty foz) @Ba/dep — Go, A2 B, [dp?
+ 2iky Ty g0 $Fo1 B1 — 2000 Ty $900 B, /AP
+iko Ty Q15 foo + 2000 To Jo0 — 2K5 Goo + 20k Ty 2 g0
—iko Ty foo) By, (5.21a)
By(M3 fog + 2iko(1 — ) Jog =[4iko My foo + 2(1 ~ %) fog] dBy/d P — 2(My — 2k3) foy d°B, /dp?
+2{iky Ty(age My — ag0) for + [(1 %) §or)'} $B,
— 2T(ago My~ ag0) foo  @Bo/d
+ [6tko2(1 — ) goo — 42k§ My foo — 20k 21909
+ 2T (ag Mo — a0) fo0] By-  (5.21D)
The orthogonality condition reduces to
V1@B,/dF + (v2+ Ty y3) By = 74(d*Co/d? + K3 Cy), (5.22)
where
Y= J: {7 %( — 20k goo — To for + 2k0 Ty @50 Gor — 200 To Goo) Goo + K1 2[4tk Mo foe

+ 2(1 — ) gog — 2k To(age M o — ago) for + 26((1 — ) go1)’
— 2T (ap0 My — @00) Fool S0 — 101 9bo + 20(My — 2K3) foy foo — 41k foo fio} A2,
1
Yo = fo {2ko Ty ago 901 Ioo — 2ko To(ago My — aoo) fo1 S0 + 1Ko To Lz foo b

+ 2i[(1 — ) go; 1" fo — 2T0(@go My — @00) foo oo
+ (2a49 T goo — 2k xGo0 + 20Ky Th %f00 — 2050 T Goo) Fbo
— [6ikq (1 — ) oo — 4k My foo — 2tk 2, goo + 2To(age My — ay) fool fio} der,
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1
Vs = _fo iko foo 9o 4,

1
Yi= _fo {(— oo +2T4 for— 2ko Go1) Gbo + [4kg My for — 20(1 — ) gy

— 20(My — 2k3) fool fao} de.
We have made use here of (5.13) and its derivative. A solution of (5.22) is
Oo(@) = —}y1 K} Bo() +ipdBy/dg,

where b= —=iy(T*=T1) /v, k}, T* = (§k3v1—72)/ Vs (5.23)
We may note here that fo,, fo,, 92 and the adjoint of f, are real while g4q, 941, fo2 and the
adjoint of g,, are purely imaginary. It follows that y, is purely imaginary and y,, v,
and vy, are real. Consequently 7'* is real and, since k2 is pure imaginary, 4 is real also.
Hence the solution in this region takes the form

- o] 58t (-8 %20

d*B, .. y,k2dB)\, -
+ ¢t (Olfoo— (,u ?Za—zo+ L) yyf %a—o)fo] +¢B0f02) + ] +ec.c. (5.24)

We have already shown that the leading terms in this expression match with the
mid-latitude solution as ¢ — oo, but we need to say something more about the solution

for small values of @.
In the flow between concentric cylinders a small increment €7, above the critical

Taylor number 7, results in a change in the wavenumber proportional to (¢7})}. Here
the presence of a secondary flow due to the curvature of the boundaries means that the
flow is critical only at ¢ = 0, but one anticipates that in a sufficiently small neighbour-
hood of ¢ = 0 the effects of the secondary flow are slight and a square-root dependence
on 7T, apparent. However, in the narrow region discussed above where ¢ ~ ¢f, the
dependence on 7', through the term in g, is still seen to be linear. This suggests that an

even smaller scaling for ¢ is required.
The solution (5.24) contains two scales for ¢, namely €% and ¢, and therefore breaks

down when ¢ ~ e. In that case we write ¢ = €A or equivalently ¢ = €}A and take A to
be O(1). Then we may seek a solution for i in the form
¥ = (eT)} Bygexp{—iky A —iedk, A} [ foo + €ty for
+ €A%y +Ao1 + Afon +foa) + ... 1+ 0. (5.25)
Here k, is a correction to the wavenumber k, and is to be determined and By, is a
constant. By substituting this expansion into (3.1) and (3.2) and equating terms in
€A3, €A2, ete., we obtain

20 = "%kgfoo’ f21 = —%ik%fov f22 =f02:
where k% is defined by (5.8); the functions fy,, fo; and f,, satisfy (5.1), (5.6) and (5.7)
respectively and f,; and g,4 satisfy
Moo+ 1T kg for = 21kgGog — 15 for + Tp foo — iko Tt foo + 2000 Ty 9g0 — 22k 900
+ 2tk Ty 2f0 + £3(2k0 Go1 — 1T for + Joo) + k0 T Q;, foos
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M3 fog + 2iko(1 — %) gyg = 4ikg My foo+ 2k3( My — 2k3) for + 24ikg fou + 2(1 — 2) 9o
+ 6iky2(1 — ) goo — 42kl My foo + 21k Q4 900
+ 27 (ago M§ — ago) f o0
+ k3[4ko My for — 20(1 — ) goy + 2(My — 2k5) foo)-

The condition that a solution exists reduces to

k= —(ys Ty +v2— B3 v1) /s (5.26)

The square-root dependence of k, on T, is now clear. In order that the solution in the
neighbourhood of the equator is oscillatory we require &, to be real and therefore, since
¥3/7a turns out to be negative,

Ty 2 Ty = (Byi—72)/7s (5.27)
Numerical computation of all the quantities involved in T, gives
yy=—195x 1078, y, = —594x 1073, y,=—321x10-8, T, = —1860.

It remains to verify that this solution matches with that given in (5.24) as ¢ - 0. If
@ < 1 one solution of (5.14) is

By($) = Boo(1 -4k %+ ...)

and the corresponding solution of (5.22) is

Co(@) = Boolys Ty + 72—k 7v1) ($2+...)/27s
When @ = €3 this means that { becomes
T = (T} Bogexp {—ikoA} [fon(1 — JeBA— BB A5+ ..)
—for(3iek3 A2 +iek2 A + ... ) +€Afyo + ... ]+ coC.
= (T} By exp { —iky A} {cos (e3k; A) [(1 —3ehZ A%+ ... ) foo — FEFA oy + Afge + ...
+ietk, sin (el A) fy, + ...} + c.c.

This expression is equivalent to that obtained by adding together the solutions
corresponding to the two roots for &, given by (5.26). A similar argument holds for the
second solution of (5.14) for By($) and hence for the combination of solutions used in
(5.15).

Our discussion of the flow in the neighbourhood of the equator is now complete. In
summary, we have found that in a region of thickness ¢# the singularity in ¥ and Q at
¢ = 0 is removed and the solution is given in terms of Airy functions. The secondary
flow is still a dominating influence and it is only in an inner region of thickness ¢ that
the effect of 7', becomes as important,

T is still undetermined except that it should be greater than 7',. In the next section
we satisfy the boundary conditions at the poles & = 0,7 and this allows T to take any
of a discrete set of values. A complication arises because another new scaling is required
for # near the poles and this is considered first.
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6. The solution near the poles = 0, 7

The expansion (3.5) in € breaks down when tan@ is O(e) because of the term in
cot 0 9/00 in D2 [see (2.3)]. Near the poles # = 0,7 a new scaling and a new solution are
necessary and the latter is then matched with the solution valid in mid-latitudes
presented in §4 as 8 > 0, 7.

At 8 = 0, (4.1) reduces to

with fo=fo=g,=0 at x=0,1. (6.2)

There is a spectrum of eigenvalues of this system of the form k = inz, where n is an
integer, of which the first pair (» = 1) matches with (k®, k®). There are, however, other

complex eigenvalues given by sinh k = +k, (6.3)
whose eigensolutions are
fo = —z)sinhkz F xsinh k(1 —z), g,=0. (6.4)

The computed values of ¥ and £® at 6 = 0 are 2-25074 T 14-21239; they are related to
the first eigenvalue of (6.3) (Hillman & Saltzer 1943).
Hence, as 6 > 0,

7~ § $(0) (sin 6} £5(0, 2) exp {T,(0)} exp (ik9(0) 6/e},

(6.5)

ol

~

A§(0) (sin 6)} sinh (K9(0) x) exp {L,(0)} exp {sk9)(0) 6/},

|
INZE

j
where
;o
)= K@) (j=1,...,86),
@)=¢], 610 ) (6.6)

E9(0) = —kD(0), kD(0) = —k®D(0)= —ED(©0), kO0) = — kO (0) = 7.

I

7

Near 6 = 0 we rescale by writing § = ey with y = O(1). Then

% 02
2 =9 29 3
ATy 6y =Dz, say,
to a first approximation in €. ¥ and Q now satisfy
D:Q = Dy —2[(1—=2)9Q/ox— Q] = 0. (6.7)

The solution of (6.7) which matches with (6.5) as y - o0 is

¥ = (eT)t >: ¢; f$(0,2) yHP (K9(0) y),
6 (6.8)
£ ¢;sinh (£9(0)a) yHP(EI(0) y),

ji=5
where H{" is the Hankel function of the first kind and order one and
¢; = ef(3mk(0)) etriexp (I,(0)} Ay;(0) (j =1,...,6). (6.9)
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Using the relations between the eigenvalues (6.6) and the corresponding eigen-
functions, { may be written as

¥ = (D)1 y{fi"(0,2) [e; HP(KV(0) y) + g H(— kV(0) y)]
+1(0,2) [c HO(R2(0) y) + ¢ HP(~ k2(0) )]
+isinmzfcs HP (imy) + ce HV (—imy)]}
= (D y{fE(0,2) [(c1+cq) 1 (KD(0) y) +i(cy —cq) 1 (KV(0) )]

+fP(0, 2) [+ ¢3) Jy(K2(0) y) +1i(cy — €3) Y1(K2(0) y)]

+ i sinwz((cs + ¢g) Sy (imy) +i(cs — ¢g) Y1 (imy)]}. (6.10)
In order that the velocity components be finite at y = 0 we require ¥ ~ 4% as y — 0,
which means that Oy = Coy Cy=Ca 5= Cy
Together with (6.9) and (4.9), the last condition contradicts (5.10) and means that

€y =Cg =05 =0 =0,
which confirms our earlier assertion that modes 5 and 6 play no part to this order in ¢.
From (6.9) the first two conditions give
exp{1,(0)} A (0) = et exp {1,(0)} Aoa(0) = ebiexp ((0)} Ai(0).  (B.11)

Hence we require  Im {e}i exp {1,(0) + L,(0)} A, (0) Ay2(0)} = 0.
Using (4.9) and (5.18) we obtain

in
Im{a;a; et exp {I,(0) + L,(0)} — expj (V4 x*@)do} = 0
0
and since a; and a; are real numbers we have
i
%f [Re (kW + k@) + e Im (¥*V + y*@)1dl = (m— ), (6.12)
0

where m is an integer.

7. Results and conclusions
The main object of this paper is to determine the critical value of the Taylor number
T at which instability first occurs. When ¢ € 1 we write

T =Ty+eTy+ ...

Since the azimuthal velocity of the inner sphere is greatest at the equator we expect
that it is there that the flow is most unstable. In the immediate neighbourhood of the
equator, when ¢ = O(e), we have found that to a first approximation the flow is
equivalent to that between concentric cylinders. On this scale the north and south
poles are at infinity and we require only that the wavenumber be real. The minimum
value of T for which the wavenumber is real is known to be 1694-95 and we take
this as our value for 7,. Furthermore, 7, produces a correction to the wavenumber
proportional to e? and the condition that this is real also is 7} > T, = — 1860.
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Fieure 1. The computed values of k'Y and %2 as functions of 6 for o = 0 and T, = 1694-95.
——— Re k; —— —Imk®; ——~, Re k?; ——, Im k®.

Then the solution may be matched with that in an outer region centred on ¢ = 0
when ¢ is O(e¥) and through that region to the mid-latitude region, where ¢ is O(1). The
solution is continued to the poles through narrow regions where & or 7 — 8 is O(¢).

The fluid velocity is finite at the poles provided that

in
f [Re (kY + k@) + e Im (y*© + x*@)]dO = e(m — §) . (7.1)
0

Here k™ and £® are the eigenvalues of (4.1) and (4.2) that have positive real part; they
have been computed numerically for several values of @ for 7, = 1694-95 and are shown
in figure 1. To a first approximation in ¢, (7.1) reduces to

in
f Re (kY + k®}d6 = em.
0

Since the left-hand side is fully determined when 7} is given and € is a vanishingly small
parameter this equation merely says that m is a large [O(¢!)] number and the equation
is satisfied arbitrarily closely even when m is an integer. y*® and y*® have also been
computed; the results give

in
f Re {kV 4 k®}d6 = $-267,
0

3
f Im (y*® + y*®) d6 = 6-78 +8-58 x 10-47},
0

and (7.1) is therefore satisfied if
T, = 104 (m —$) 7 — 8-267 /e — 6-78]/8-58. (7.2)

For each integer value of m there is a corresponding value of 7}; the spectrum of
possible values of 7} is therefore discrete. The critical value of 7', is taken to be the least
such value of T subject to the constraint 7, > T, = — 1860.

One could regard the correction to 7}, as being due to two separate causes. First, the
correction due to the flow in the immediate neighbourhood of the equator decreases
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T by an amount 1860¢. Second, 7' must be given an increment to ensure that the global
condition (7.2) is satisfied. In geometries where the flow becomes simultaneously
unstable at all points (for example, Bénard convection in a box; see Hall & Walton
1977) the latter correction is only O(e2®) because the increment in wavenumber is
proportional to the square root of the increment in the Taylor number. Here the
increments in the wavenumbers y¥* and y®* vary linearly with T, over the entire
range of 8 except very close to § = 7. Consequently this correction is O(¢) also and
therefore is more important than might perhaps have been anticipated.

Of course, for certain values of ¢, T} = — 1860 will satisfy (7.2) exactly for some
integer value of m, but such values of ¢ are exceptional. For example, when ¢ = 0-1
we find that the critical value of 7} is — 820 with m = 29 and the critical value of 7' is
1613. When ¢ = 10~2 the corresponding figures are — 210, 266 and 1692-9.

For ¢ = 0-0527 we find the critical value of 7, to be 590 with m = 53 and the critical
value of T' to be 1726. This agrees fairly well with Wimmer’s (1976) experimental
result of 1705-7 with experimental errors as large as + 113-7. Wimmer also reports that
the critical value of T' can be either greater or less than 7, and this agrees with our
findings.

The integer m is a rough guide to the number of cells that are fitted between the two
poles, but because their amplitudes decay rapidly with latitude most will not be
visible. In the ef region near the equator the e-folding distance for ¢ is O(e#) and on this
basis we might expect about =¥ cells to be visible. For only moderately small values of
¢ this suggests that very few cells will actually appear and this is borne out by the
experiments of Wimmer (1976).

Finally we may examine the amplitudes of the two modes j = 1, 2 which make up the
solution. The magnitudes of the eigensolutions f{P(6,z) and f2(,) are typically
0(1), so that the ratio p of the amplitudes of the two modes is

- i
Ay exp f e~ 1Im {¥®}d6
2 (7.8)

p = _ éﬂ .
Ay exp f e 1Im {k®}d0
0,

From (6.11) we have .
exp f e Im {k®}d6
02 __ 0

|| R

(7.4)

= =
o exp f e~ Im {k®}d0
0
and combining (7.3) and (7.4) we have
o
p = exp f e Tm (KO — k®} 6.
0

Hence the amplitudes of the two modes are of similar orders of magnitude when 6 = 0,
i.e. at the pole, but at the equator § = im that mode which grows with latitude (index 2)
is smaller than the mode which decays (index 1) by an exponential factor.

The author wishes to thank Professor J. T. Stuart for some helpful discussions.
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